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Network, Route model

Figure 1.2 Demand/performance 
equilibrium for the gas station 
example: 
(a)equilibrium arrival rate and 

waiting time; 
(b)a waiting time that is too low; 
(c)  a shifted demand curve 

(higher price) and a shifted 
performance curve (higher 
service rate)



Network representation

Figure 1.3 Directed network of 
links and nodes



Network Representation

Figure 1.5 Network representation of the intersection in Figure 1.4:
(a) Representing the intersection a node;
(b) A detailed intersection representation.



Network rep. of transit(PT)

Figure 1.6 Transit-line 
representation: 
(a)a representation 

including only the “in-
vehicle” movement; 

(b)a representation 
including boarding and 
alighting movements; 

(c)a detailed 
representation of a 
transit station, including 
transfer, boarding, and 
alighting links.



Performance Function

Figure 1.7 Network representation of a 
traffic zone, including a centroid node 
and centroid connector links

Figure 1.8 Typical link performance function for an approach to a 
signalized intersection



Network Equilibrium

• Dependence of link performance(travel time) 
on link demand(flows)

• Flow on each path involves solution to 
demand performance equilibrium

• Flow on each link is sum of many O-D flows on 
different paths

• The dichotomy between the performance and 
the demand gives this a ‘systems’ perspective



Definition of Equilibrium

• Given
–  network representation
– Associated link performance function
– O-D matrix

• Every user will try to minimize travel 
time(maximise utility)

• A stable condition is reached when no traveler 
can unilaterally improve his/her travel time by 
changing routes



User Equilibrium Conditions

• Wardrop’s Equilibrium or User equilibrium conditions:
• 1. Shortest paths are selected between any O-D pair.
• 2. All selected paths have equal travel time.
• 3. Unused paths travel time must be  more than the 

used paths.

Equilibrium will be reached when no traveller believes 
that his travel time can be improved by unilaterally 
changing routes.  This definition characterizes the 
stochastic-user-equilibrium (SUE) condition.



User Equilibrium example

• All used paths must have equal 
travel time. 

Equilibrium in a simple network: 
(a)a two-link network; 
(b)the two performance functions – if the 

flow is less than q’ = x1 + x2, it is 
assigned to link 1; 

(c) the travel time on both links is equal if 
the flow is higher that q’.



User Equilibrium Example
1.2 Find the user equilibrium flow patterns and the equilibrium travel time for the 
network described in Figure P1.1.  The performance functions are 

  t1 = 2 + 𝑥𝑥12
  t2 = 1 + 3x2
  t3 = 3 + x3

Where ta and xa denote the travel time and flow, respectively, on link a (where a = 1,2,3).  
The origin-destination trip rate is 4 units of flow going from node 1 to node 3.

Figure P1.1



UE Example
Consider the network depicted in Figure 3.3.  This network includes paths ( which are 
also links), leading from the origin, O, to the destination.  The volume-delay curves for 
the two links are given by
  t1 = 2 + x1    [3.6a]
  t2 = 1 + 2x2   [3.6b]
The O – D flow, q, is 5 units of flow, that is
  x1 + x2 = 5    [3.6c]



When the problem is formulated as a minimization 
program, the result is the following:
 min z(x) = ∫0

𝑥𝑥1 2 + 𝜔𝜔  𝑑𝑑𝑑𝑑 +  ∫0
𝑥𝑥2 1 + 2𝜔𝜔  𝑑𝑑𝑑𝑑

subject to
 x1 + x2 = 5
 x1, x2 ≥ 0

min z(x1) = ∫0
𝑥𝑥1 2 +  𝜔𝜔  𝑑𝑑𝑑𝑑 +  ∫0

5 −𝑥𝑥1 1 + 2𝜔𝜔  𝑑𝑑𝑑𝑑

Z(x1) = 1.5𝑥𝑥12 - 9x1 + 30



Constrained Optimization







Lagrangeans

















Figure A: First-order conditions for a program with non negativity 
constraints: 
(a) internal minimum with dz(x*)/dx = 0 and x* ≥ 0;
(b) constrained minimum with x* = 0 and dz(x*)/dx ≥ 0.

The first-order conditions for the case in which the feasible region includes all 
nonnegative values of x can be posed without reference to the dual variables.  In the one-
dimensional case, the program “min z(x) subject to x ≥ 0” can result in the two situations 
shown in Figure A .  In Figure A1 the solution is at a point where dz(x*)/dx = 0 (and x* ≥ 
0), while in FigureA2, x* = 0, since the non negativity constraint is binding [and dz(x*)/dx 
≥ 0].  The first-order condition for this problem can be written in a form encompassing 
both these possible situations, as follows:

  x*𝑑𝑑𝑑𝑑(𝑥𝑥∗)
𝑑𝑑𝑑𝑑

 = 0 and 𝑑𝑑𝑑𝑑 (𝑥𝑥∗)
𝑑𝑑𝑑𝑑

 ≥ 0



UE Solution
qrs is the trip rate between origin r and destination s

Let xa and ta represent the flow and travel time,

Furthermore, ta = ta(xa), where ta(.) represents the relationship between flow and travel 
time for link a.  In other words, ta(xa) is the link performance function (which is also 
known as the volume-delay curve or the link congestion function).  Similarly, Let 𝑓𝑓𝑘𝑘𝑟𝑟𝑟𝑟 and 
𝑐𝑐𝑘𝑘𝑟𝑟𝑟𝑟 represent the flow and travel time, respectively, on path k connecting origin r and 
destination s (k ∈ Krs).  The travel time on a particular path is the sum of the travel time 
on the links comprising this path.  This relationship can be expressed mathematically as

 𝒄𝒄𝒌𝒌𝒓𝒓𝒓𝒓 = ∑𝒂𝒂 𝒕𝒕𝒂𝒂𝜹𝜹𝒓𝒓𝒓𝒓
 
, 𝒂𝒂, 𝒌𝒌

 ∀ k ∈ Krs,  ∀ r ∈ R,  ∀ s ∈ S [3.1 a]

Where 𝛿𝛿𝑟𝑟𝑟𝑟a, k  = 1 if link a is a part of path k connecting O – D pair r – s, and 𝛿𝛿𝑟𝑟𝑟𝑟a, k = 0 
otherwise.  Using the same indicator variable the link flow can be expressed as a 
function of the path flow, that is, 

 Xa = ∑𝑟𝑟 ∑𝑠𝑠 ∑𝑘𝑘 𝑓𝑓𝑘𝑘𝑟𝑟𝑟𝑟 𝛿𝛿𝑟𝑟𝑟𝑟𝑎𝑎, 𝑘𝑘  ∀ a ∈ A   [3.1B]



Path-arc incidence relationship

Figure 3.1 Network example with two O – D pairs and four links

𝑐𝑐114 = 𝑡𝑡1δ
 
1, 1

1,4  + 𝑡𝑡2δ
 
2, 1

 14  +  𝑡𝑡3δ
 
3, 4
14  + 𝑡𝑡4δ 4, 1

14

        
  = t1 + t3

 x3 = 𝑓𝑓 1 δ 3, 1
14 14  + 𝑓𝑓 2 δ 3, 2

14 14  + 𝑓𝑓 1 δ 3, 1
24 24  + 𝑓𝑓 2 δ 3, 2

24 24

      = 𝑓𝑓 1
14 + 𝑓𝑓 1

24



TABLE 3.1 Basic Network Notation
N, node (index) set
A, arc (index) set
R, set of origin nodes; R ⊆ N

S, set of destination nodes; S ⊆ N

Krs’ set of paths connecting O – D pair r – s; r ∈ R , s ∈ S

xa’ flow on arc a; x = (…,xa,…)

ta’ travel time (…,ta,…)

𝑓𝑓 𝑘𝑘𝑘
𝑟𝑟𝑟𝑟 Flow on path k connecting O-D pair r – s; frs = 

(…,𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟…); f = (…,frs,…) 

𝑐𝑐𝑘𝑘𝑘𝑟𝑟𝑟𝑟 Travel time on path k connecting O – D pair r – s; crs = 
(…,𝑐𝑐𝑘𝑘𝑟𝑟𝑟𝑟,…); c = (…, crs,…)

qrs’ Trip rate between origin r and destination s; (q)rs = qrs

𝑎𝑎, 𝑘𝑘𝑘
𝛿𝛿𝑟𝑟𝑟𝑟 Indicator variable: 𝑎𝑎, 𝑘𝑘

𝛿𝛿𝑟𝑟𝑟𝑟  =

1 if link a is on path k between O – D   
      pair r – s
0    otherwise

(∆rs)a, k = 𝑎𝑎,𝑘𝑘
𝛿𝛿𝑟𝑟𝑟𝑟  ; ∆ = (…, ∆𝑟𝑟𝑟𝑟, … )



User Equilibrium Formulation

 min z(x) = ∑𝑎𝑎 ∫0
𝑥𝑥𝑎𝑎 𝑡𝑡𝑎𝑎 𝜔𝜔  𝑑𝑑𝑑𝑑

Subject to 
 
 ∑𝑘𝑘 𝑓𝑓𝑘𝑘𝑟𝑟𝑟𝑟 = 𝑞𝑞𝑞𝑞𝑞𝑞

    ∀ 𝑟𝑟, 𝑠𝑠

 𝑓𝑓𝑘𝑘𝑟𝑟𝑟𝑟 ≥ 0    ∀ k, r, s

The definitional constraints

 xa = ∑𝑟𝑟 ∑𝑠𝑠∑𝑘𝑘 𝑓𝑓𝑘𝑘 δ 𝑟𝑟𝑟𝑟𝑎𝑎,𝑘𝑘

𝑟𝑟𝑟𝑟    ∀ a



Constrained optimization



The basic transformation
min z(x) = ∑𝑎𝑎 ∫0

𝑥𝑥𝑎𝑎 𝑡𝑡𝑎𝑎 𝜔𝜔  𝑑𝑑𝑑𝑑

Subject to

 ∑𝑘𝑘 𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟= qrs ∀ r, s         3.1

 𝑓𝑓𝑘𝑘𝑟𝑟𝑟𝑟≥ 0  ∀ k, r, s      3.2

The definitional constraints

 xa = ∑𝑟𝑟 ∑𝑠𝑠∑𝑘𝑘 𝑓𝑓 𝑘𝑘 
δ 𝑎𝑎, 𝑘𝑘

𝑟𝑟𝑟𝑟 𝑟𝑟𝑟𝑟   ∀ a       3.3
 

The objective function of program [3.3], z(x), is formulated in terms of link flows, 
whereas the flow conservation constraints are formulated in terms of path flows.  
The network structure enters this formulation through the definitional incidence 
relationships].  These incidence relationships express the link flows in terms of 
the path flows [i.e., x = x(f)].  The incidence relationships also mean that the 
partial derivative of link flow can be defined with respect to a particular path 
flow.  In other words,
 𝜕𝜕𝑥𝑥𝑎𝑎(𝑓𝑓)

𝜕𝜕𝑓𝑓 𝑙𝑙
𝑚𝑚𝑚𝑚  = 𝜕𝜕

𝜕𝜕𝑓𝑓 𝑙𝑙
𝑚𝑚𝑚𝑚 ∑𝑟𝑟 ∑𝑠𝑠 ∑𝑘𝑘 𝑓𝑓 𝑘𝑘 δ 𝑎𝑎, 𝑘𝑘

𝑟𝑟𝑟𝑟 𝑟𝑟𝑟𝑟 = δ 𝑎𝑎, 𝑙𝑙
 𝑚𝑚𝑚𝑚   [3.4]



L(f, u) = z[x(f)] + ∑𝑟𝑟𝑠𝑠 𝑢𝑢𝑟𝑟𝑟𝑟(𝑞𝑞𝑞𝑞𝑞𝑞 −  ∑𝑘𝑘 𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟) 3.5

The formulation of this Lagrangian is given in terms of path flow, by 
using the incidence relationships, xa = xa(f) in Eq. [3.3], for every 
link a.  At the stationary point of the Lagrangian, the following 
conditions have to hold with respect to the path-flow variables:

 𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟 𝜕𝜕𝐿𝐿(𝑓𝑓,𝑢𝑢)

𝜕𝜕𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟 = 0 and 𝜕𝜕𝐿𝐿(𝑓𝑓,𝑢𝑢)

𝜕𝜕𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟  ≥ 0 ∀ k, r, s [3.6a]

And the following conditions have to hold with respect to the dual 
variables:

𝜕𝜕𝐿𝐿(𝑓𝑓,𝑢𝑢)
𝜕𝜕𝑢𝑢𝑟𝑟𝑟𝑟

= 0    ∀ r, s  [3.6b]



𝜕𝜕
𝜕𝜕𝑓𝑓 𝑙𝑙

𝑚𝑚𝑚𝑚 L(f, u) = 𝜕𝜕
𝜕𝜕𝑓𝑓𝑙𝑙

𝑚𝑚𝑚𝑚z[x(f)] + 𝜕𝜕
𝜕𝜕𝑓𝑓 𝑙𝑙

𝑚𝑚𝑚𝑚 ∑𝑟𝑟𝑠𝑠 𝑢𝑢𝑟𝑟𝑟𝑟(𝑞𝑞𝑞𝑞𝑞𝑞 −  ∑𝑘𝑘 𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟) 3.10

The right-hand side a Eq. [3.10] consists of the sum of two types 
of terms, the first of which is the derivative of the objective 
function and the second is the derivative of a term involving the 
constraints.  These two types of terms are each calculated 
separately.
The first term on the right-hand side of Eq. [3.10] is the 
derivative of the objective fuction [3.3a] with respect to𝑓𝑓 1

𝑚𝑚𝑚𝑚.  
This derivative can be evaluated by using the chain rule:

𝜕𝜕𝑧𝑧[𝑥𝑥 𝑓𝑓 ]
𝜕𝜕𝑓𝑓 𝑙𝑙

𝑚𝑚𝑚𝑚 =  ∑𝑏𝑏 𝜖𝜖 𝐴𝐴
𝜕𝜕𝜕𝜕(𝑥𝑥)
𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝑓𝑓 𝑙𝑙

𝑚𝑚𝑚𝑚   [3.11]

Each term in the sum on the right-hand side of this equation is 
the product of two quantities.  The first quantity is ⁄𝜕𝜕𝑧𝑧(𝑥𝑥) 𝜕𝜕𝑥𝑥𝑥𝑥, 
which can be easily calculated since the travel time on any link is 
a function of the flow on that link only.  Hence

𝜕𝜕𝑧𝑧(𝑥𝑥)
𝜕𝜕𝑥𝑥𝑏𝑏

= 𝜕𝜕
𝜕𝜕𝑋𝑋𝑏𝑏

 ∑𝑎𝑎 ∫0
𝑥𝑥𝑎𝑎 𝑡𝑡𝑎𝑎 𝜔𝜔  𝑑𝑑𝑑𝑑 = 𝑡𝑡𝑡𝑡  [3.12a]



The second quantity in the product is the partial derivative of a link flow with 
Respect to the flow on a particular path.  As shown in Section 3.1 (see Eq. [3.4]),

𝜕𝜕𝑥𝑥𝑏𝑏
𝜕𝜕𝑓𝑓 𝑙𝑙

𝑚𝑚𝑚𝑚 = δ 𝑏𝑏, 𝑙𝑙
𝑚𝑚𝑚𝑚    [3.12b]

Substituting the last two expressions into Eq. [3.11], the derivative of the 
objective function with respect to the flow on a particular path becomes

𝜕𝜕𝑧𝑧[𝑥𝑥 𝑓𝑓 ]
𝜕𝜕𝑓𝑓 𝑙𝑙

𝑚𝑚𝑚𝑚  = ∑𝑏𝑏 𝑡𝑡𝑏𝑏 δ 𝑏𝑏, 𝑙𝑙
 𝑚𝑚𝑚𝑚  = 𝑐𝑐 𝑙𝑙

𝑚𝑚𝑚𝑚 [3.13]

In other words it is the travel time on that particular path.  The second type of 
term in Eq. [3.10] is even simpler to calculate since

𝜕𝜕𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟

𝜕𝜕𝑓𝑓 𝑙𝑙
𝑚𝑚𝑚𝑚 = � 0 otherwise

1 if r = m, s = n and k = 𝑙𝑙   

 



Thus (since qrs is a constant and urs is not a function of 𝑓𝑓 𝑙𝑙
𝑚𝑚𝑚𝑚) this term 

becomes

𝜕𝜕
𝜕𝜕𝑓𝑓 𝑙𝑙

𝑚𝑚𝑚𝑚 ∑𝑟𝑟𝑠𝑠 𝑢𝑢𝑟𝑟𝑟𝑟(𝑞𝑞𝑞𝑞𝑞𝑞 −  ∑𝑘𝑘 𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟) = −𝑢𝑢mn   [3.14]

Substituting both [3.13] and [3.14] into Eq. [3.10], the partial 
derivative of the Lagrangian becomes

𝜕𝜕
𝜕𝜕𝑓𝑓 𝑙𝑙

𝑚𝑚𝑚𝑚  𝐿𝐿 𝑓𝑓,𝑢𝑢 =  𝑐𝑐 𝑙𝑙
𝑚𝑚𝑚𝑚  − 𝑢𝑢𝑢𝑢𝑢𝑢    [3.15]

The general first-order conditions 9Eqs. [3.9]) for the minimization 
program in Eqs. [3.3] can now be expressed explicitly as

𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟 𝑐𝑐𝑘𝑘𝑟𝑟𝑟𝑟  − 𝑢𝑢𝑢𝑢𝑢𝑢 = 0 ∀ k, r, s    [3.16a]
𝑐𝑐𝑘𝑘𝑟𝑟𝑟𝑟  − urs ≥ 0   ∀ k, r, s   [3.16b]
∑𝑘𝑘 𝑓𝑓 𝑘𝑘

𝑟𝑟𝑟𝑟 = 𝑞𝑞𝑞𝑞𝑞𝑞   ∀ r, s    [3.16c]
𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟

 ≥ 0    ∀ k, r, s   [3.16d]



System Optimization













System Optimization

Min z(x) = 
∑𝑎𝑎 𝑥𝑥𝑎𝑎𝑡𝑡𝑎𝑎(𝑥𝑥𝑥𝑥) 

∑𝑘𝑘 𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟 = qrs ∀ r, s

𝑓𝑓 𝑘𝑘
𝑟𝑟𝑟𝑟 ≥ 0  ∀ k, r, s

t1(x1) + x1
𝑑𝑑𝑑𝑑1(𝑥𝑥1)
𝑑𝑑𝑑𝑑1

 = t2(x2) + x2
𝑑𝑑𝑑𝑑2(𝑥𝑥2)
𝑑𝑑𝑑𝑑2



Examples chapter 3 Sheffi
Consider the network of two routes ( a freeway and a city 
street connecting one O- D pair) shown in Figure 3.5.  Let

  t1 = 3 + 0.5x

  t2 = 1 + x2

  q = 1.5

(a)Find the UE solution and demonstrate that it is not an 
SO solution.

(b)Find the SO solution and demonstrate that it is not an 
UE solution.
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	Thus (since qrs is a constant and urs is not a function of  𝑓   𝑙 𝑚𝑛 ) this term becomes�� 𝜕 𝜕 𝑓   𝑙 𝑚𝑛   𝑟𝑠  𝑢𝑟𝑠(𝑞𝑟𝑠 −  𝑘   𝑓  𝑘 𝑟𝑠 )=−  𝑢mn			[3.14]��Substituting both [3.13] and [3.14] into Eq. [3.10], the partial derivative of the Lagrangian becomes�� 𝜕 𝜕 𝑓   𝑙 𝑚𝑛   𝐿 𝑓, 𝑢 =  𝑐  𝑙 𝑚𝑛  −𝑢𝑚𝑛 				[3.15]��The general first-order conditions 9Eqs. [3.9]) for the minimization program in Eqs. [3.3] can now be expressed explicitly as�� 𝑓  𝑘 𝑟𝑠   𝑐 𝑘 𝑟𝑠  −𝑢𝑟𝑠 =0 	∀ k, r, s				[3.16a]� 𝑐 𝑘 𝑟𝑠  −urs ≥ 0 		 ∀ k, r, s			[3.16b]� 𝑘   𝑓  𝑘 𝑟𝑠 =𝑞𝑟𝑠   		 ∀ r, s  				[3.16c]� 𝑓   𝑘 𝑟𝑠  ≥ 0			 ∀ k, r, s			[3.16d]
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