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Figure 1.2 Demand/performance

equilibrium for the gas station

example:

(a)equilibrium arrival rate and
waiting time;

(b)a waiting time that is too low;

(c) a shifted demand curve
(higher price) and a shifted
performance curve (higher
service rate)
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Network representation

Figure 1.3 Directed network of
links and nodes




Network Representation

'
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Figure 1.5 Network representation of the intersection in Figure 1.4:
(a) Representing the intersection a node;
(b) A detailed intersection representation.



Network rep. of transit(PT)
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Figure 1.6 Transit-line

representation:

(a)a representation
including only the “in-
vehicle” movement;

(b)a representation
including boarding and
alighting movements;

(c)a detailed
representation of a
transit station, including
transfer, boarding, and
alighting links.



Performance Function
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Figure 1.8 Typical link performance function for an approach to a
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Network Equilibrium

Dependence of link performance(travel time)
on link demand(flows)

Flow on each path involves solution to
demand performance equilibrium

Flow on each link is sum of many O-D flows on
different paths

The dichotomy between the performance and
the demand gives this a ‘systems’ perspective



Definition of Equilibrium

* Given
— network representation
— Associated link performance function
— O-D matrix

* Every user will try to minimize travel
time(maximise utility)

* A stable condition is reached when no traveler
can unilaterally improve his/her travel time by
changing routes



User Equilibrium Conditions

Equilibrium will be reached when no traveller believes
that his travel time can be improved by unilaterally
changing routes. This definition characterizes the
stochastic-user-equilibrium (SUE) condition.

 Wardrop’s Equilibrium or User equilibrium conditions:
* 1. Shortest paths are selected between any O-D pair.
e 2. All selected paths have equal travel time.

e 3. Unused paths travel time must be more than the
used paths.



User Equilibrium example

Link 1

e All used paths must have equal
travel time.

t,(x.) (X))

A

Equilibrium in a simple network:

(a)a two-link network;

(b)the two performance functions — if the
flow is less than g’ = x; + x,, it'is
assigned to link 1;

(c)the travel time on both links is equal if
the flow is higher that .




User Equilibrium Example

1.2 Find the user equilibrium flow patterns and the equilibrium travel time for the
network described in Figure P1.1. The performance functions are

t, =2 +xf
t,=1+3x,
t;=3+Xx;

Where t, and x, denote the travel time and flow, respectively, on link a (where a = 1,2,3).
The origin-destination trip rate is 4 units of flow going from node 1 to node 3.

Figure P1.1



UE Example

Consider the network depicted in Figure 3.3. This network includes paths ( which are
also links), leading from the origin, O, to the destination. The volume-delay curves for

the two links are given by

t,=2+x [3.6a]
t,=1+2x, [3.6b]
The O — D flow, g, is 5 units of flow, that is
X, +X,=5 [3.6c]
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When the problem is formulated as a minimization
program, the result is the following:

min z(x) = f:l(Z + w)dw + foxz(l + 2w) dw
subject to
X;+X,=5
Xy X520
min z(x1) = foxl(Z + w) dw + fOS (1 + 20) dw

Z(x,) = 1.5x¢% - 9x, + 30



Constrained Optimization

In practice, systems engineers always have to make their designs conform to
a variety of constraints. They generally have to work within a budget. They
will have to satisfy engineering standards designed to ensure the quahty, the

performance, and the safety of the system. They will also have to meet legal
restrictions the community has imposed to achieve its health and other objectives.



The difficulty in meeting restrictions on the design is that they complicate
the optimization process. To see this consider some function of many variables:

g(X) = gXy, ... &y .. &)

which we assume to be continous and analytic in that 1t has lirst and second
derivatives. If this function is unconstrained, the necessary conditions for its
optimum (a maximum or a minimum) is that all the first derivatives with respect
to its arguments equal zero:

A 9 =0 all:

/ X;



On the other Wand, if the function is constrained, these conditions for optimality
may or mayfnm apply. The optimum may then be at the intersections of the
function with the constraint. Figure 3.1 makes the point. In a large scale system
with hundreds of variables and constraints, the optimum could be located at an

infinity of points.
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FIGURE 3.1




Lagrangeans

Lagrangeans sulve the problem of optimizing a function subject to equality
constraints, ones that must be met exactly. These routinely occur in practice.
A standard example is the requirement to use one’s budget entirely —otherwise
it might be cut in the following period. Formally, the Lagrangean addresses
the problem of optimizing g(X) subject to a series of constraints hi(X) = by
Putting the matter into the standard vocabulary used with optimization, we call

the function to be optimized the objective function. We then write the problem
a5

Optimize: R
Subject to: hiX)=5b and X=0

The condition that all X be positive is a standard assumption that in no way limits
practical applications: variables can always be redefined to meet this requirement.



L= g(X)~ > Alhy(X) - b

Each parameter A; is a constant associated with a particular constraint equation,
and is to be solved for. These parameters are known as the Lagrangean multi-
pliers.

The marvelous aspect of the Lagrangean is that it simultaneously permits us
to optimize g(X) and to satisfy the constraints 4;(X) = b;. All we do is to apply
the conventional process for unconstrained functions to the Lagrangean. The
difference is that whereas in considering g(X) we had i variables, one for each
X;, we now have (i + j) variables, including one for each of the A; multipliers
associated with the f constraints.

Applying the standard method of optimization to the Lagrangean we set all
first derivatives equal to zero and obtain:

AL dg L yAoh 0

dX;  aX; dX;

al.
o — h — -




The Lagrangean multiplier has a most important interpretation. It gives
the systems designer valuable information about the sensitivity of the results to
changes in the problems. At the optimum, the Lagrangean multiplier A; equals
the rate of change of the optimum objective function g"(X) as the constraint
by = hy(X) varies. To see this, take the partial derivative of the Lagrangean with
respect to this constraint and obtain

aL

— = ) 1
lﬂ’j i all j

Now since the constraints are identically equal 1o zero at the optimum,

% _ Al _
dby  db;

In the vocabulary of economics and systems analysis, the Lagrangean mul-
tiplier is known as the shadow price of the constraint. This neatly describes the
parameter: it is the implicit price to be paid, in terms of changes of g(X), per unit
change of the constraint b;.. Being a derivative, the value of the shadow price

giX)=L and Ap o all



Example Use of Lagrangeans
Consider the problem:

Maximize:  g(X) = 3X,X3

Subject to: h(X) = X, + X; = 3 and Xi. X >0
The Lagrangean is

L =3X,X; — MX, + Xz — 3)

There 15 only one A because there 15 only one constraint.
There are (i + j) = 3 equations defining the optimal solution. These are

ol 2 _
X = 3.‘-':.'2 A = [
L _
X, = 6X2—A =0

I —X +X—3=0

The first two equations imply that X3 = 11'; The third then leads to
X* =(1,2 and At =12
The optimum is

g (X)=12
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A formal statement of the optimization problem with
Optimize: 2(X)

inequality constraints is

The inequality constraints are written as “less than or equal™ because this form

Xy

Equality Constraint Inequality Consiraing

FIGURE 3.2

The feasible region defined by an inequality constraint is larger than that
defined by an equality constraint.-



The key to the solution for the problem with inequality constraints lies
in changing these inequalities to equalities. This is done by introducing new
variables, §;, defined as the amount required to make up the difference between
the constraint and the value of A;(X). They are thus called slack variables. The
mequalities can then be written as equalities:

hi(X) + 57 = by
where the slack variable is introduced as a squared term to ensure that it is a
positive guantity.
The solution then consists of solving a Lagrangean to the revised problem:
COrptimize: g(X)
Subject to: hi(X) + 87 = by X=0
This function is called the generalized Lagrangean and is

L=gX)— > Ahi(X) + 57 — b))

This eguation involves (i 4+ 2j) unknowns with the addition of the j slack
variables. The optimization proceeds as with standard Lagrangeans except that we
now have j additional equations relating the Lagrangean and the slack variables.
The new equations introduced in the generalized Lagrangean are

L

— = QA8 =0 allj
I'-"E'_Iu )
They imply in general that either A4; = 0 or §; = 0. For this reason they are

known as the complementary slackness conditions.



« If the optimal solution X° lies right on the constraint, hi(X") = by, then S =)
and the shadow price A # (). In this case there is some value, in te.-rms of
better g(X), to Ehﬂllglllg the constraint. Technically, we say this constraint is
binding, and that the objective can be increased by changing this constraint,

* [f the constraint is not I}inding h; {}E'} = by, then 5 # (b and A; = 0. That is,
the nonbinding constraints do n-nt affect the mlua {:nf the L]hjﬂ-l:tl"l."l: 2(X).

These ideas are pursued in detail in Chapter 6, which discusses sensitivity anal-
ysis, and particularly in Section 6.2.

The Kuhn-Tucker conditions themselves are the entire set of equations
assoclated with the generalized Lagrangean:

L

E = ) all i
il .
l'-'-'l_-'i:f = () all 7
.JlJiS_li =1 all



Since A; = dg"(X)/ab;, and since increasing b; increases the feasible region and
can thus only make g(X) bigger, then A; must be positive. If we had a min-
imization problem or lower bound constraints, different restrictions on the shad-
ow prices would exist, These are, in effect, part of the second-order conditions
of optimality.

A more compact form of the Kuhn-Tucker conditions can be obtained by
combining the complementary slackness and the constraint equations, A,§; = 0
and dLidA; = 0, into

LX) = b =0

This 15 obviously true if A; = 0. It is also true if A; # 0 since then §; = 0, and
50 fiy(X) = b;. This form obscures the meaning of the conditions; it is, however,
the standard form the reader is likely to encounter elsewhere.
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Figure A: First-order conditions for a program with non negativity
constraints:

(a) internal minimum with dz(x*)/dx = 0 and x* > 0;

(b) constrained minimum with x* = 0 and dz(x*)/dx = 0.

The first-order conditions for the case in which the feasible region includes all
nonnegative values of x can be posed without reference to the dual variables. In the one-
dimensional case, the program “min z(x) subject to x 2 0” can result in the two situations
shown in Figure A . In Figure Al the solution is at a point where dz(x*)/dx = 0 (and x* >
0), while in FigureA2, x* = 0, since the non negativity constraint is binding [and dz(x*)/dx
> 0]. The first-order condition for this problem can be written in a form encompassing
both these possible situations, as follows:

Az (x*) -0 and dz (xx)
dx dx

20



UE Solution

d,, is the trip rate between origin r and destination s
Let x, and t, represent the flow and travel time,

Furthermore, t, = t,(x,), where t,(.) represents the relationship between flow and travel
time for link a. In other words, ta(xa) is the link performance function (which is also
known as the volume-delay curve or the link congestion function). Similarly, Let f° and
¢y’ represent the flow and travel time, respectively, on path k connecting origin r and
destination s (k € X;). The travel time on a particular path is the sum of the travel time
on the links comprising this path. This relationship can be expressed mathematically as

€l =Xatd™ o VKEZX, VieR Vses [3.14]
Where 6™, | = 1if link a is a part of path k connecting O — D pairr—s,and §"*, , =0

otherwise. Using the same indicator variable the link flow can be expressed as a
function of the path flow, that is,

Xa=Y, Y ¥, fIs &ms Va€EA [3.18]



Path-arc incidence relation

Figure 3.1 Network example with two O — D pairs and four links
1t = t151'i, 1 +1,0 %?1 + t351§4 + t451L}L, 1
=t + t3
X3=f1's 31+ f2 8 32+f1 631+f2'6

- Fite 3

ship

3, 2



TABLE 3.1 Basic Network Notation

q rs’

ors
a, k/

node (index) set

arc (index) set

set of origin nodes; 2 € 7

set of destination nodes; § €7

set of paths connectingO—D pairr—s;re 2, s€ S
flow on arc a; x = (...,x,,...)

travel time (....t,,...)

Flow on path k connecting O-D pairr —s; f*s =

(v 15 00); T = (o f15,000)

Travel time on path k connecting O — D pairr—s; c™ =
(-e,C>); €= (e, €5,000)

Trip rate between origin r and destination s; (q),. = q,.

Indicator variable: ‘Sgk =

1 iflink ais on path k between O -D
pairr—s
0 otherwise

(%), = %05 ;A= (.., A5, ..0)



User Equilibrium Formulation

min z(x) = Y., foxa t (w) dw

Subject to
Y. =qrs Vrs
fi®=20 Vkrs

The definitional constraints

Xazz‘rZSzkfk 8’”5 Va



Constrained optimization



The basic transformation

min z(x) = Y., f(ic“ t (w) dw

Subject to
Y fro=0. Vr,s 3.1
fr>20 Vkrs 3.2

The definitional constraints

%= NSk f157 va 33

The objective function of program [3.3], z(x), is formulated in terms of link flows,
whereas the flow conservation constraints are formulated in terms of path flows.
The network structure enters this formulation through the definitional incidence
relationships]. These incidence relationships express the link flows in terms of
the path flows [i.e., x = x(f)]. The incidence relationships also mean that the

partial derivative of link flow can be defined with respect to a particular path
flow. In other words,

ox,(f) 0 rsrs _ mn

afrlnn _afflnnZTZSZkfk 8a,k_8 Cl,l [3'4]




L(f, u) = z[x()] + Zrsus(ars — X f%) 35

The formulation of this Lagrangian is given in terms of path flow, by
using the incidence relationships, x, = x,(f) in Eq. [3.3], for every
link a. At the stationary point of the Lagrangian, the following
conditions have to hold with respect to the path-flow variables:

rs OL(f,u) OL(f,u)
= 0 and > Vkrs 3.6a
k afzs afzs [ ]

And the following conditions have to hold with respect to the dual
variables:

OL(fu) _
LI = 0 Vrs [3.6Db]

rs




L(F, u) = 5] + 5 Srs trs(ars = Sicf79) 310

The right-hand side a Eq. [3.10] consists of the sum of two types
of terms, the first of which is the derivative of the objective
function and the second is the derivative of a term involving the
constraints. These two types of terms are each calculated
separately.

The first term on the right-hand side of Eq. [3.10] is the
derivative of the objective fuction [3.3a] with respect tof 1*".

This derivative can be evaluated by using the chain rule:

0z x(f)] 0z(x) OJxb
o fmn = Zbedon o fn [3.11]

Each term in the sum on the right-hand side of this equation is
the product of two quantities. The first quantity is dz(x)/dxb,
which can be easily calculated since the travel time on any link is

a function of the flow on that link only. Hence

9 0
;ix)zaxb > foxa t (w)dw =tb [3.12a]

afmn

b



The second quantity in the product is the partial derivative of a link flow with
Respect to the flow on a particular path. As shown in Section 3.1 (see Eq. [3.4]),

a b —_
3 = [3.12b]

Substituting the last two expressions into Eq. [3.11], the derivative of the
objective function with respect to the flow on a particular path becomes

x(f)

=Ypty 5 b 1=Cl [3.13]

In other words it is the travel time on that particular path. The second type of
term in Eq. [3.10] is even simpler to calculate since

afmn —]0 otherwise

0)?_{1 ifr=m,s=nand k=1



Thus (since g, is a constant and u,, is not a function of f’'"*) this term
becomes

0
aan ZT‘S UTS(CIT'S o Zk f;cﬂs) = — Uy [314]

Substituting both [3.13] and [3.14] into Eq. [3.10], the partial
derivative of the Lagrangian becomes

— L(f,u) = ¢ —umn [3.15]
of"

The general first-order conditions 9Egs. [3.9]) for the minimization
program in Eqgs. [3.3] can now be expressed explicitly as

fi.°(c;® —urs) =0 Vk,rs 3.16a]
c;,° —urs=0 Vkrs 3.16b]
Yifr =qrs vr,s 3.16c]

20 Vkrs 3.16d]




System Optimization

min Z(x) = } x,t.(x,)
subject to

Zf::=qﬂ Hris
k

r =20 Vkors



The necessary conditions for a minimum for the SO program are given
by the first-order conditions for a stationary point of the following Lagrangian
program:

E{f! ﬁ) = f[x(n] + Z ﬁra(q" - gf :l) [3*2031

where L/f, ii) has to be minimized with respect to f, subject to the st of
nonnegativity conditions

v20 Ykrs [3.20b]



expressed explicitly by deriving the partial derivatives of the Lagrangian with
respect to the path flows. These derivatives are given by
oLt i) o K2

afinn = ——I;; f[x(n] + ﬂf?" § ﬁr:(qr: - ;fil) ) m, n, | [322]




0
mn !‘5 ql"ﬁ' f ) ﬁmn 'v‘ !5 m!' h [3'23]
af [ ( E
The first term on the right-hand side of Eq. [3.22] includes the partial
derivative of the SO objective functions with respect to the flow on path I
between ﬂrigin m and destination n. This derivative is given by

0z(x) Ox, 0z
T =¥ ;f:} =% A 2 g

fﬂ'lﬂ

mn a

_— zﬁ: 5!!1.1 o
dty(x

= Z [zb (Xp) + X, ;i:} } VIimn [3.24]

This derivative can be interpreted, intuitively, by letting

dt,(x,)
dx,

Eﬂ(xﬂ} = tﬂ{xﬂ'} + x-ﬂ H a



The travel time f, can be interpreted as the marginal contribution of an
additional travelert on the ath link to the total travel time on this link. It 1s
the sum of two components: t,(x,) is the travel time experienced by that
additional traveler when the total link flow is x,, and dt(x,)/dx, is the ad-
ditional travel-time burden that this traveler inflicts on each one of the trav-
clers already using link a (there are x, of them). Using the new travel time
variable, ¢,, Eq. [3.24] can be written as

s g

@f""' Z[x(f)] = Z O by

=M VYimn [3.25]

where 7™ is interpreted in a fashion analogous to t,. It is the marginal total
travel time on path / connecting O-D pair m-n.



The first-order conditions for the SO program can now be written as

mEm_ g V20 Y omn 3,260
i >0 Yiomn 3,260
2T = e Y mym 3.26¢]

|
>0 VI mn 3.26d |




System Optimization

Min z(x) = |
Zaxata(xa) [minlf
Zk fk =0 v [, S R
fi.°20 Vkrs

dat, (x,) _
t1(X1) + X4 # = tz(Xz) + X, ;T



Examples chapter 3 Sheffi

Consider the network of two routes ( a freeway and a city
street connecting one O- D pair) shown in Figure 3.5. Let

t, =3+ 0.5x
t,=1+x,
qg=1.5

(a)Find the UE solution and demonstrate that it is not an
SO solution.

(b)Find the SO solution and demonstrate that it is not an
UE solution.



3.5 USER EQUILIBRIUM AND SYSTEM OPTIMUM

It is interesting to note that when congestion effects are ignored, both UE and
SO programs will produce identical results. Imagine a network where ,(x,) =
t'. In other words, each link travel time is not a function of the flow on that
(or any other) link. In this case, the SO objective function would be

ix) =Y x,t, [3.28a]

and the UE objective function

Z(x) =) J dt; dw
a JO
=2 Xal,

which is 1dentical to the SO objective function, z(x).
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